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Abstract. Let e C K be a finite union of disjoint closed intervals. 
We study measures whose essential support is e and whose discrete 
eigenvalues obey a 1/2-power condition. We show that a Szego 
condition is equivalent to 

fli • • • a„ 
lim sup —T — > 

cap(e)" 

(this includes prior results of Widom and Peherstorfer-Yuditskii). 
Using Remling's extension of the Denisov-Rakhmanov theorem 
and an analysis of Jost functions, we provide a new proof of Szego 
asymptotics, including asymptotics on the spectrum. We use 
heavily the covering map formalism of Sodin-Yuditskii as presented 
in our first paper in this series. 



1. Introduction 

In this paper, we study Jacobi matrices, J, and asymptotics of the 
associated orthogonal polynomials (OPRL), where aess{J) is a finite 
gap set, e. By this we mean that e is a finite union of disjoint closed 
intervals, 

^ = U ["j ' ai < /?i < ^2 < ■ ■ ■ < Pe+i (1-1) 

i counts the number of gaps, that is, bounded open intervals in M \ e. 
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We recall that a Jacobi matrix is a tridiagonal matrix which we label 
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The Jacobi parameters {an, bn}'^=i have a„ > and bn G M. There is a 
one-one correspondence between probability measures, dfi, of compact 
support on M and bounded Jacobi matrices where dfi is the spectral 
measure for J and the vector (1, 0, . . . )*. Moreover, determines J 
via recursion relations for the orthonormal polynomials, Pn{x), which 
are (oq = 0) 



:i.3) 



See [aa [91 Eal EEj for background on OPRL. 

This paper is the second in a series — the first, [2], henceforth called 
paper I, studied the isospectral torus, an ^-dimensional family of two- 
sided almost periodic Jacobi matrices with essential spectrum, e, about 
which we'll say more later in this introduction. We note for now that 
these matrices have periodic coefficients if and only if the harmonic 
measure of the intervals are all rational (i.e., if dp^. is the po- 

tential theoretic equilibrium measure for e, then each p^{[aj,l3j]) is 
rational; for background on potential theory in spectral analysis, see 
[291 [25]). We'll call this the periodic case. 

In the current paper, we want to study Szego's theorem for the gen- 
eral finite gap case. Of course, the phrase "Szego's theorem" can be 
ambiguous since Szego was so prolific, but by this we mean a set of 
results concerned with leading asymptotics in the theory of orthogonal 
polynomials on the unit circle (OPUC). Even here, there is ambiguity 
since some of the results can be interpreted in terms of Toeplitz deter- 
minants and there are several related objects. Indeed, we'll distinguish 
between what we call Szego's theorem and Szego asymptotics. 

In the OPUC case, the recursion parameters {a„}^o in D = {z | 
1^1 < 1} and are called Verblunsky coefficients. We use ipn{z) for the 
orthonormal polynomials and write the measure dp as 



dpie) = wie) ^ + dp,{e) 

Ztt 

where dps is (i^/27r-singular. One also defines p„ 
, [91 [^ [22 [22] for background on OPUC). 



[lA) 



|2U/2 



see 
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Then what we'll call Szego's theorem for OPUC says that 

n=0 ^"^O ^ 

Notice that since Pn < 1, the limit on the left always exists, although 
it may be 0. By Jensen's inequality, the integral on the right is non- 
positive, but may diverge to — oo, in which case we interpret the expo- 
nential as 0. It is easy to see that the left side is nonzero if and only if 
^^ol'^"P < Thus, (11.51) implies 

^\an\^<oo ^ log{w{0)) — > -oo (1.6) 

n=0 

By Szego asymptotics, we mean the fact that when both conditions 
in (11. 6p hold, there is an explicit nonvanishing function, G, on C \ D so 
that for z in that set, 

lim z->„(z) = G{z) (1.7) 

In terms of the conventional Szego function, 

f r pie , jn\ 
D{z)=expl^J -^Jog{w{e))-y zeB (1.8) 

we have G{z) = D{l/zy\ 

Analogs of Szego's theorem for OPRL, where e is a single interval 
(typically e = [—1,1] or [—2,2]), were found initially by Szego p3T] . 
with important developments by Shohat [20] and Nevai [13]. These 
works suppose no or finitely many eigenvalues outside e. The natural 
condition on eigenvalues (see (11.101) and (11.131) below) was found by 
Killip-Simon [IT] and Peherstorfer-Yuditskii |il5j. The best form of 
Szego's theorem (with a Szego condition; see below) is 

Theorem 1.1 (Simon-Zlatos). Let J be a Jacobi matrix with essential 
spectrum [—2,2], {an,bn}'^=i its Jacobi parameters, {xk} a listing of its 
eigenvalues outside [—2,2], and 

dji{x) = w{x) dx + dfj,s{x) (1.9) 

its spectral measure. Define 

s{j) = J2i\^k\-2y/' (1.10) 

k 

and 

An = ai---an y4 = limsupy4„ y4=liminfA„ (l-H) 

Consider the three conditions: 
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(i) Szego condition 

J log(w(x))(4- > -oo (1.12) 

(ii) Blaschke condition 

£{J) < oo (1.13) 

(iii) Widom condition 

Q < A< A<oo (1.14) 

Then any two of (i)-(iii) imply the third, and if they hold, the following 
have limits as N oo: 

N N 

An, XI (^-^^^ 

n=l n=l 

and 

oo 

J2\an-l\^ + \bn\^ <oo (1.16) 

n=l 

Before leaving our summary of the case e = [—2,2], we note that 
Damanik-Simon |5j have proven Szego asymptotics in some cases where 
the Szego condition fails. This will not concern us here, but will be 
studied in the finite gap case in paper III [3]. 

In Section |U we prove a precise analog of the statement "any two of 
(i)-(iii) imply the third" for general finite gap sets, e. We note that for 
the periodic case, this is a prior result of Damanik-Killip-Simon [4J. 
There are also prior results for the general finite gap case in Widom 
[53] , Aptekarev [T] , and Peherstorfer-Yuditskii [121 H?] ; see Section H] 
for more details. 

The limit results, (11.151) and fll.l6p . need modification, however. 
First, even in the general one-interval case, one needs ai ■ ■ ■an/C"' for 
a suitable constant C. The theory of regular measures [291 125] says 
the right value of C must be cap(e), the logarithmic capacity of e — 
a result that, in this context, goes back at least to Widom [33] who 
also discovered that ai ■ ■ - an/ cap(e)" doesn't have a limit but is only 
asymptotically almost periodic. 

These limit results are expressed most naturally in terms of the 
isospectral torus associated to e. For any Jacobi matrix obeying the 
analogs of (i)-(iii), there is an element {an,^n}5^i of the isospectral 
torus so that 

lim |a„ - a„| + |6„ - 6„| = (1.17) 

n^oo 

This result, which goes back to Aptekarev |1| and Peherstorfer- 
Yuditskii [ini [T7| using variational methods, will be proven 
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with our techniques in Section [6], where we'll also prove that 
lim(ai ■ ■ -an/cii ■ ■ ■ an) exists and is nonzero. (In paper I, we proved 
that in the isospectral torus, fii ■ ■ ■ a„/ cap(e)" is almost periodic in n.) 
An interesting open question concerns the analog of fll.l6p : 

Open Question 1. Is Xl^il*^" ~ S„p + |6„ — 6„p < oo when the 
analogs of (i)-(iii) hold? 

In Section [7l we'll prove an analog of Szego asymptotics, namely, 
away from the interval the ratio p„(z)/p„(2) has a nonzero 

limit where pn are the OPRL for {a„, 

Let us next summarize some of the techniques we'll use below, in 
part to standardize some notation. Coefficient stripping plays an im- 
portant role in the analysis: if J has Jacobi parameters {0^,6^}^^, 
then the n-times stripped Jacobi matrix, J^"), is the one with param- 
eters {an+k,hn+k}T=i, that is, with 

afc(J^")) = afc+„(J) 6fc(j(")) = 6„+,(J) (1.18) 

If the m-function of J is defined on C+ = {z \\m.z > 0} hy 

m{z, J) = (J - z)-'6i) = [ (1.19) 

J X - z 

then we have the coefficient stripping relation that goes back to Jacobi 
and Stieltjes, 

m{z, J)-^ = -z + bi- a\m{z, J^) (1.20) 

We'll make heavy use of the covering space formalism introduced in 
spectral theory by Sodin-Yuditskii [28] and presented with our notation 
in paper I. x(2;) is the unique meromorphic map of©toCU{oo}\e 
which is locally one-one with 

x(z) = ^ + 0(l) (1.21) 

z 

near z = and x^o > 0. 

There is a (Fuchsian) group, F, of Mobius transformations of © onto 
itself so that 

x(;z) = x(w) ^ 37 G F so that 7(2) = w (1.22) 

A natural fundamental set, JF, is defined as follows: 

= {z I \z\ < |7(z)|, all 7 7^ 1, 7 G F} (1.23) 

c}jF™*nD is then 2i orthocircles, i in each half-plane. JF is JF^"^* union the 
i orthocircles in C+. x is then one-one and onto from to CU {00} \ e. 

£, the set of limit points of F, is defined as {7(0) | 7 G F} fl d3. x 
can be meromorphically extended from D to all of C U {00} \ £, or 
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alternatively, there is a map x**: C U {00} \C to S, the two-sheeted 
Riemann surface of [n^=i(-2 — Oij){z — Pj)]^^"^. All this is described in 
more detail in paper I of this series. 

That paper also discusses Blaschke products, B{z,w), of the 
Blaschke factors at {'y{w)}^^r- B{z) = B{z,0) is related to the po- 
tential theoretic Green's function, G^{x), for e by 

15(^)1 = e-^'W")) (1.24) 

which, in particular, implies that near z = 0, 

B(z) = ^^z + 0{z') (1.25) 
•^00 

Finally, we use heavily the pullback of m to D via 

M{z) = -m(x(2)) (1.26) 

We end this introduction with a sketch of the contents of this paper. 
Our approach to Szego's theorem is a synthesis of the covering map 
method and the approach of Killip-Simon |llj, Simon-Zlatos [2^, and 
Simon [21] used for e = [—2,2]. As such, step-by-step sum rules are 
critical. These are found in Section O One disappointment is that we 
have thus far not succeeded in finding an analog of what has come to be 
called the Killip-Simon theorem (from [11] ) . This result gives necessary 
and sufficient conditions for the case e = [—2, 2] that J2'^=ii^n ~ 1)^ + 
bl < 00. 

Open Question 2. Is there a Killip-Simon theorem for the general 
finite gap Jacobi matrix? 

We note that Damanik-Killip-Simon [4J have found an analog for 
the case where each band has harmonic measure exactly {i + 1)"^. 

Section [3] provides a technical interlude on eigenvalue limit theorems 
needed in the later sections. Section H] proves a Szego-type theorem 
for general finite gap e. Section [5] defines Jost functions and Jost solu- 
tions. Section [6] proves the existence of the claimed {dn,bn}'^=i in the 
isospectral torus and asymptotics of Jost solutions. Section [7| proves 
asymptotic formulae for the orthogonal polynomials away from the con- 
vex hull of e (i.e., the interval [ai,/3^+i]), and Section [H] asymptotics 
on e. 

The idea that we use in Sections [6] and [7| of first proving Jost asymp- 
totics and using that to get Szego asymptotics is borrowed from an 
analog for e = [— 2, 2] of Damanik-Simon [5]. But Section [7] has a sim- 
plification of their equivalence argument that is an improvement even 
for e = [—2,2]. Most of the results in Sections [6H8] are exphcit or im- 
plicit in Peherstorfer-Yuditskii [161 [13 • We claim two novelties here. 
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First, the underlying mechanism of our proof of asymptotics is different 
from their variational approach. Instead, we use a recent theorem of 
Remling [18] about approach to the isospectral torus, together with an 
analysis of automorphic characters of Jost functions. Second, by using 
ideas in a different paper of Peherstorfer-Yuditskii [15j, we can clarify 
the L^-convergence result of Section [HI 

We would like to thank F. Peherstorfer and P. Yuditskii for the pri- 
vate communication [H]. J.S.C. would like to thank M. Flach and 
A. Lange for the hospitality of Caltech where this work was completed. 

2. Step-by-Step Sum Rules 

As noted in the introduction, a key to the approach to Szego-type 
theorems for e = [—2, 2] that we'll follow is step-by-step sum rules. 
Our goal in this section is to prove those for a general finite gap e. 
In Theorem 7.5 of paper I, we proved such results for measures in the 
isospectral torus, and our discussion here will closely follow the proof 
there. The major change is that there, with finitely many eigenvalues 
in M \ e, we could use finite Blaschke products. Here, because we do 
not wish to suppose a priori a 1/2-power condition on the eigenvalues, 
we'll need the alternating Blaschke products of Theorem 4.9 of paper 
I. Here is the result: 

Theorem 2.1 (Nonlocal step-by-step sum rule). Let J be a Jacobi 
matrix with aessi-J) = 2- Let J^^^ be the once-stripped Jacobi matrix 
and let {pj}'^^ be the points in T that are mapped by the covering 
map, X, to the eigenvalues of J and {zj}'^-^ the corresponding points 
for the eigenvalues of J*-^-* . Let be the alternating Blaschke product 
with poles at {7(Pj)}j^i;^gr ^'^^ zeros at {7(-2j)}^i;^gr- Let B{z) be the 
Blaschke product with zeros at {7(0)}^gr- Let M{z) be the m-function, 
(fT^ . for J, and M^-^^z) the one for j(^). Then 

(a) lim^,|i M(re^^) = M(e*^) and linir^i M^^\re''^) = M'^^^e^^) exist 
for de/2'K-a.e. 9. 

(b) Up to sets ofd6/2TT measure zero, 

{9 I ImM(e^^) 0} = | ImM«(e^^) ^ 0} (2.1) 

(c) 

logf '""f.fU^n^-f^^^-) (2-2) 
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(d) We have 

a,M(.) =B(.)B„(.)exp(y ,og(j-^^j-j (2.3) 

Remarks. 1. We've labeled the p's and z's to be infinite in number, 
although there may be only finitely many. Moreover, we need to group 
them into not one sequence but potentially 2£+2 if each of the points in 
{uj, PjYj=i is a limit point of eigenvalues in R\e. Once this is done, one 
forms an alternating Blaschke product for each sequence (the p's and 
z's in each sequence alternate along a boundary arc of JF or on (0, 1) or 
(—1,0)), and then takes the product of these 2i+2 alternating Blaschke 
products. 

2. Im M and Im M^^^ have the same sign at each point of 9D, positive 
or negative, depending on whether x maps to an upper or lower lip of 
e. 

3. We've written (c) and (d) assuming that the set in (12. ip is all of 
dJ} (up to sets of Lebesgue measure zero). A more proper version is 
that limr|i|M(re*^)p has a limit as r | 1 which, when multiplied by 
af, is the ratio ImM/ImM^^^ at points in the set in fl2.ll) . It is that 
boundary value that enters in fl2.2p and (12.31) . 

Proof. We follow the arguments used for Theorem 7.5 of paper I. For 
2; G ©, not a pole or zero of M, let 

Hz) = -^^4^ (2.4) 

At the poles and zeros of M, h{z) has removable singularities and no 
zero values, so h is nonvanishing and analytic in all of ©. 

All of M, S, and Soo are positive on (0,e) for e small, so one can 
choose a branch of \og{h{z)) which has Im(log(/i(z))) = on (0,e). 
Since Im M > on C_|_ fl T and Im M < on C_ fl JF, with this choice, 

|arg(M(2))| < TT on (2.5) 

By eqn. (4.84) in Theorem 4.9 of paper I, there is a constant C so that 

\axg{B^{z)B{z))\ < C on T (2.6) 

As in the proof of Theorem 7.5 of paper I, this plus the fact that 
h{z) is character automorphic implies that 

sup /"|Im(log(/i(re'^)))|P— < 00 (2.7) 

0<r<l J 27r 
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Thus, by the M. Riesz theorem, 

log(/i) e fl (2.8) 

p<oo 

This imphes that log(/i), and so M, has boundary values and 

log|M(e*^)|G []L4dB,^) (2.9) 

p<oo ^ ^ 

Taking boundary values in (see fll.20p ) 

M{zy^ = x(^) - 6i - a?M(^) (z) (2.10) 
shows that (12.11) holds, and on the set where ImM 7^ 0, 

\a,M(e«)\'= ""^'^'fl (2.11) 

' ^ ^ ^' ImM(i)(e*^) ^ ^ 

This and (12. 9p imply (12. 2p . and (12.30 is just the Poisson representation 
for \og{h{z)). □ 

The main use we'll make of (12.31) is to divide by B{z) and take z 
using and (fT^ . The result is: 

Theorem 2.2 (Step-by-step Co sum rule). 

ai „ , , / / ImM(e^^) \ , , 



cap(c) "^VVo VImMW(e^^);47r; 

3. Fun and Games with Eigenvalues 

Sum rules include eigenvalue sums — it appears somewhat hidden in 
(I2.12P as i?oo(0). Since, in exploiting sum rules, we'll be looking at the 
behavior of sums over families, often with infinitely many elements, 
we'll need control on such sums. This was true already in the single 
interval case as studied by [HlHTj, but there the main tool needed was 
a simple variational principle. Eigenvalues above or below the essential 
spectrum are given by a linear variational principle. This is not true for 
eigenvalues in gaps, and so we'll need some extra techniques, which we 
put in the current section. We note that there are still limitations on 
what can be done in gaps. For example, for perturbations of elements 
of the finite gap isospectral torus, there is a 1/2 critical Lieb-Thirring 
bound at the external edges [7] but not yet one known for internal gap 
edges 110]. 

We begin with two results about the relation of eigenvalues of J and 
J^"'\ the n-times stripped Jacobi matrix of (11.181) . 
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Theorem 3.1. Let J be a Jacobi matrix with aess{J) = 2. Let c G 
{Pj,aj^i), one of the gaps o/M\ e. Suppose f is defined, positive, and 
monotone on {Pj,c) with lim^nj^ f{x) = 0. Let c > Xi(J) > X2(J) > 
■ ■ ■ > Pj be the eigenvalues of J in {Pj,c). Then the eigenvalues of J 
and J^^^ strictly interlace, that is, either 

Xi(J) > xi(jW) > X2(J) > a;2(/^^) > . . . (3.1) 

or 

Xi(/^)) > Xi{J) > X2(/^^) > X2{J) > ... (3.2) 

In particular, YlT=i[fi^kiJ)) — f{xkiJ^^^))] is always conditionally con- 
vergent. 

Remarks. 1. For simplicity of notation, we stated this and the fol- 
lowing theorem for {l3j,c), but a similar result holds for (c, ctj+i) and 
also for (— oOjCti) and (/?£+!, 00). 

2. By iteration, we also get convergence of YlT=i[fi^k{J)) — 
/(xfc( J*^"-'))] for each n. 

Proof. By the fact that Xk{J) are the poles of m{z) in {Pj,c) and 
XkiJ^^'') the zeros, and since -j^m{z) = J -^^z^ > for z G {Pj,c), 
we see the interlacing, which implies (13.11) (if m(c) < 0) or (13.21) (if 
m(c) > 0). The conditional convergence of the sum is standard for 
alternating sums. □ 

Theorem 3.2. Under the hypotheses of Theorem \3.1\ if 



S = sup 



00 

E 

k=l 



f{Xk{J)) - /(Xfc(j("))) 



< 00 (3.3) 



then 



Y,fMJ))< 00 (3.4) 



k=l 



Proof. We will need the fact proven below (in Theorem 13. 4p that for 
each j G {!,...,£} and e > 0, there is an so for n > N, J^"^ has 
either or 1 eigenvalue in {Pj + e, a^+i — e). 

So for n > we may have Xi(J*^"^) > (3j + e, but Xk{J'^^^) < (3j + e 
for all /c > 2. Hence, for n > N, 

E [fMJ))-fiPj+e)] 

{k\/3j+e<Xk{J)<c} 

<m+ E [/(x.(j))-/(x,(jW))] (3.5) 

{k\l3j+e<XkiJ)<c} 
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Recall now that J*^"-* can be obtained by decoupling J with a rank 
2 perturbation (which is the sum of a positive and a negative rank 
1 perturbation) and removing the finite block. Therefore, if we pick 
e > so small that xz{J) > (3j + s, it follows that Xk{J) > Xk{J^^^) for 
all > 2 (when n > N). This implies that 

E [fMJ))-f{x,{J^''^))]<S (3.6) 

{k\l3j+e<Xk{J)<c} 

So, for sufficiently small Eq and Ei < Eq, 

J2 [fMJ))-f{f3,+e^)]<f{c) + S (3.7) 

{k\^j+eo<Xk(J)<c} 

Taking ei j and then Eq i yields ([33]). □ 

The following lemma is well known, used for example in Denisov [6]: 

Lemma 3.3. Let A be a bounded operator with 

7 = inf(aess(A)) (3.8) 

Let Pn be a family of orthogonal projections with 

s-limP„ = (3.9) 

Then for any e, we can find N so that for n > N, 

aiF^APn \ ran(P„)) C [7 - 00) (3.10) 

Proof Since ( 13. 8p holds, for any e, we can write 

A = A, + B, (3.11) 

where A^ > — e/2 and -B^ is finite rank, and so compact. 

By ([S3]), PnBePn ^ in ||-||, SO we can find N so that, for n>N, 
\\PnBePn\\ < s/2. Tlicu for cach n > iV, 

PnAPn ^ ^" (7 - I - Pn > {l - (3-12) 

proving fl3.10p . □ 

Theorem 3.4. Let J he a bounded Jacobi matrix with (a, /3)ncrcss(^) = 
0. Let he the n-times stripped Jacobi matrix. Then for any e, we 
can find N so that, for n > N, J*^"^ has at most one eigenvalue in 
{a + E, P — e). 

Proof Let P„ be the projection onto span{(5j}°^„_^]^, so 

J(") = P^JPn \ ran(P„) (3.13) 
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Let 7 = i(a + p) and A = {J - 7)^, A^") = P„AP„ \ ran(P„). By the 
spectral mapping theorem, 

inf(aess(A)) > [i (/3 - a)]' (3.14) 

so, by the lemma, for any e', there is so for n > N, 

inf a(A(")) > [i (/5 - «)]' - = [|(/3 - a) - £]2 (3.15) 

where e' is chosen so that (13.151) holds. 
Since 

_ (jW _ = p„(j _ ^)(l - p„)(J - ^)P„ (3.16) 

is rank one, (J'-"^ ~ 7)^ has at most one eigenvalue (which is simple) 
below [|(/3 — a) — e]"^, which proves the claimed result by the spectral 
mapping theorem. □ 

Next, we turn to estimating eigenvalue sums like 

S{J)= J2 dist(x,e)^/2 (3.17) 

x6o-(J)\e 

with a goal of showing, for example, that if S{J) is finite, then so is 
sup„£(j(")). 

Definition. Let A be a bounded selfadjoint operator with (a, b) fl 
o-ess(^) = 0- We set 

S(,,,)(A)= Yl clist(x,M\(a,6))i/2 (3^^g) 

x£(7{A)n{a,b) 

where the sum includes x as many times as the multiplicity of that 
eigenvalue. 

Theorem 3.5. Let A be a bounded selfadjoint operator with (a, b) n 
cress(^) = and T,(^a,b)iA) < 00. Then 

(i) // B is another bounded selfadjoint operator with rank(i? ~ A) = 
r < 00, then 

fb — \ ^^'^ 

S(.,,)(P)<S(.,,)(A)+r(^^j (3.19) 

(ii) If P is an orthogonal projection so i/iai rank(PA(l — P)) = r < 00 
and B = PAP \ ran(P), then fl319D holds. 

Proof. For simplicity of notation, we can suppose A has both a and b 
as limit points of eigenvalues (from above and below, respectively). It 
is easy to modify the arguments if there are only finitely many eigen- 
values. 
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(i) By induction, it suffices to prove this for r = 1. Label the eigen- 
values of A in (a, 6), counting multiplicity, by 

a< ■■■ < a;_2(v4) < x_i{A) < |(a + 6) < xoiA) < xi{A) <■■■ <b 

(3.20) 

For y4's with a cyclic vector cp, and B = A + X{^p, ■ )(p, it is well known 
that eigenvalues of A and B strictly interlace. By writing A as a direct 
sum of its restriction to the cyclic subspace for (p and the restriction 
to the orthogonal complement, we can label all the eigenvalues of B in 
such a way that 

XkiA) < Xk+iiB) < Xk+M) (3.21) 
With that labeling, 

oo oo 

J2 dist{xk{B), R \ (a, 6))^/^ < ^ dist(a;fc(A), M \ (a, 6))^/^ (3.22) 

k=l k=0 

oo oo 

J2 dist(x_fc(fi), R \ (a, 6))^/^ < ^ dist(x_fc(A), R \ (a, b)^^^ (3.23) 

k=l k=l 

SO that 

S(a,6)(5) < dist(xo(5),M\(a,6))^/2_^S(,,6)(A) (3.24) 
which implies ( I3.19P for r = 1. 

(ii) By scaling and adding a constant to A, we can suppose b = —a = 
1. For C > with acss(C) C [1, ||C||], let 

xeo-(C)n[o,i) 

so that 

E(_i,i)(A) = S(A2) (3.26) 
By mimicking the proof of (i), we see 

rank(L) - C) = r, D > ^ J]{D) < S(C) + r (3.27) 

Notice, next, that by the min-max principle, Xk{PCP \ ran(P)) > 
Xk{C) so that 

J:{PCP \ ran(P)) < S(C) (3.28) 

Notice also that 

PA^P - {PAPf = PA{1 - P)AP (3.29) 
is at most rank r. Thus, 

(PAP \ ran(P)) = S((PAP \ ran(P))2) (by (^M)) 
< r + S(PA2p f ran(P)) (by dS^ZD) 
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< r + (by (I32HD) 

= r + S(„i,i)(A) (by 

□ 

We also want to know that one can make the eigenvalue sum small, 
uniformly in B, by summing only over eigenvalues sufficiently near a 
or b. Thus, we prove (for simplicity, we state the result for a; a similar 
result holds for b): 

Theorem 3.6. Let {a,b) fl cress(^) = 0; ^{a,b){^) < oo, and suppose 
B is related to A as in either (i) or (ii) of Theorem 1 3'. 51 Then for any 
5<\{b-a), 

{x,{B)-af/'<r5'/^+ (^^(^) (3-30) 

Xfe{_B)e(a,a+5) Xk{A)^{a,a+25) 

Proof. We have 

LHS of ^M) < S(„,,+25)(5) 

< S(„,,+25) {A) + r5^'^ (by Theorem ED 

= RHS of (13301) □ 

As a corollary, we have (since 

Ji^) = P^JP„ \ ran(P„) with rank((l- 

P„)JPn) = 1): 

Theorem 3.7. Let J be a Jacobi matrix with acss{J) = Given 
fl3.17p . let £{J) be finite and let J^"-* be the n-times stripped Jacobi 
matrix. Then 

(i) 

^(J(")) < £{.J) + £ max (I - (3.31) 

(ii) For any j G {1, ...,£+ 1} and e > 0, there is a 6 > so that for 
all n, 

Y MJ^^^^)-P,Y^'<le (3.32) 

Xfe(j("))e{/3,,/3j+5) 

J2 («i-a;fc(/")))^/^<ie (3.33) 

a;fc(J("')e(Qj-5,Qj) 

Proof, (i) By the min-max principle for eigenvalues above and below 
the essential spectrum, the sums for eigenvalues below ai or above Pe+i 
get smaller. In each gap, we use Theorem 13.51 (ii). This yields (13.311) 
as r = 1. 
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(ii) We prove fl3.32p : the proof of fl3.33p is similar. Take 60 < ^{ajj^^i — 
jSj) so that 

J2 MJ)-P,Y/'<le (3.34) 

Then pick S < 60 so that 6^^^ < \e. (lOOD imphes (13:321) . □ 

Theorem 3.8. Let J, J he two Jacobi matrices with acss{J) = 

o'essiJ) = f (ind S{J), £{J) < 00. For m,q > 0, let Jm,q be the Ja- 
cobi matrix with 

fT \ J«",(J) n = l,...,m 

an{Jm,q) = < , , ^ (3.35) 

[a„_m+g(J) n = m + l,... 
h f T \ j^niJ) n = l,...,m 

bn{Jm,q) = < , , J. , ^ (3.36) 

Then for a constant, K, independent of m and q, 

£{Jn,,q) < £{J) + £{J) + K (3.37) 

and for any j G {1, ...,£+ 1} and e > 0, there is a 6 > so that for 
all m, q, 

J2 MJm,q)-PjY^^ <le (3.38) 
A similar result holds near aj . 

Proof. Let be the projection onto span{5j}^]^ and Pm = 1 — Qm- 
Then Jm.,q QmJQm Pm j'^'^^Pm is rank two. Thus, for j = 
and 7 = maxj=i_...,£(i|aj+i - fSjlY^'^, 

^{l3j,aj+i){Jm,q) < 27 + ^(i3j,aj+i){QmJQm) + ^{l3j ,aj+i){Pmj'''^^ Pm) 

<47 + S(^^,«^^,)(J) + S(^^,„^,^,)(j(^)) 
< 57 + S(^^,„^^^)(J) + S(^^.,„^,^^)(J) 

For eigenvalues below ai (or above Pe+i), we use the fact that 
\0'n{Jm,q)\ < ||-^|| to sec that ||Jm,g|| < 2||J|| + ||J|| (a crude over- 
estimate). Hence we can do a similar bound on some T,(^i^^ai){Jm,q) with 
K, independent of m and q. 

The passage from the proof of fl3.37p to the proof of fl3.38p is similar 
to the argument in the proof of Theorem 13.71 □ 

It is a well-known phenomenon that, under strong limits, spectrum 
can get lost (e.g., if J„ is a Jacobi matrix which is the free Jo, except 
that for m G (n^ — n,n'^ + n), bm = —2, then J„ Jq but J„ has 
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more and more eigenvalues in (—4, —2)). We are going to be interested 
in situations where this doesn't happen, which is the last subject we 
consider in this section. 

Theorem 3.9. Let J be a Jacobi matrix with cXessiJ) = Suppose 
that ^ J in the sense that for each m>l, 

(^rik+m ^ ^n^+m ^ (3.39) 

Then J has at most one eigenvalue in and for each 6 small 

anduk large, J^"*) has the same number of eigenvalues in otj^i — 

5) as J. In fact, if J has an eigenvalue A there, the eigenvalue of J^"''^ 
in that interval converges to A. 

Proof. If A is an eigenvalue of J in aj+i) with Ju = Xu (and ||n|| = 
l),then£„, = ||(j("^)-A){i|| ^0. Thus, (A-£„,, A+£„Jna( J("'=)) ^ 0. 
Since the interval for small enough Sn^. is disjoint from aessi-J^"''''') , we 
conclude that there is at least one eigenvalue An^, in the interval, and 
clearly, A„j. A. 

This fact plus Theorem 13.41 implies that J has at most one eigenvalue 
in (/3j,aj+i). 

Suppose next that J^'^'^^Un^. = ^m^Un^. with = 1 and A„j. — > A G 

(/3j,aj+i). Given v G £^(N) and Uk, define 

(.'"")„ = (° - (3.40) 



Then 



We conclude that 



m ^ Uk 



(3.41) 

\\{J-KM:^^\\=anMUnM (3.42) 

If {unf.)i — > 0, this implies A G O'cssi.J) since u^^'' 0. But that is 
impossible, so {un^)i 0. By compactness of the unit ball in the weak 
topology, we conclude u„j. has a weak limit point u with (£t)i ^ 0, so 
M ^ 0. But (J - \)u = 0, so A G or(J). 

We have thus proven the final sentence in the theorem, given The- 
orem 13.41 which says J'^"'') for k large has at most one eigenvalue in 
(/3j + 5,aj+i-5). □ 

The final theorem of the section deals with a specialized situation 
that we'll need later. 
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Theorem 3.10. Let J be a Jacobi matrix with acss{J) = 2. Suppose 
that, as Uk — ^ 00, fl3.39p holds for some two-sided J and all m G Z. 
Let Jk be defined by 

, ^ , a™ m < uu , . 

an{Jk) = <; . " (3-43) 

bmiJk) = (3.44) 

Then for any 6 > 0, with {Pj + 6, aj+i — 6} ^ o"( J), all the eigenvalues 
of Jk in + 5, Oj+i — 5) for k large are near eigenvalues of J in 
that interval, and these eigenvalues converge to those for J. Moreover, 
there is exactly one eigenvalue of Jk near a single eigenvalue of J in 
that interval. 

Proof. We follow the first part of the proof of the last theorem until the 
analysis of JkUk = XkUk with Aoo € {Pj + S, aj — S). If we prove 

that Aoo £ cr(<^) and Uk converges in norm to the corresponding eigen- 
vector, we are done. For we immediately get existence of eigenvalues 
near Aoo, and uniqueness follows from the orthogonality of eigenvectors 
and the norm convergence. 
Define Uk e ^^(Z) by 

(3.45) 

I U m < —Uk 

and suppose Uk has a nonzero weak limit -Uoo- Then (J — Aoo)'Uoo = 0, 
so Aoo £ (^{J)- As cr(J) C cress(J) = e by approximate eigenvector 
arguments (see, e.g., [12]), we arrive at a contradiction. Thus, Uk 
converges weakly to zero. This implies that its projection Puk onto 
£^(N) converges to zero in norm since otherwise ||(J — \oo)Puk\\ 
which is again impossible because Aoo ^ <^(<^)- 

Therefore, we conclude that || ( J — Aoo)ma:|| 0. Since Aoo is a simple 
discrete point of cr(J), this can only happen if Aqo is an eigenvalue of J 
and 11(1 — P')uk\\ — > 0, where P' is the projection onto the eigenvector 
of Aoo; that is, Uk converges to that eigenvector in norm. □ 

4. SZEGO'S THEOREM 

Our goal in this section is the following. Let e be a finite gap set, J 
a bounded Jacobi matrix with o"ess(</) = e, and {a„,6„}^^ its Jacobi 
parameters. Let {xk} be the eigenvalues of J outside e, and write 

dfi{x) = w{x) dx + dfis{x) (4.1) 
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where dn is the spectral measure for J. 



Next, define 



An = — — i-r^ A = hm sup An A = Um inf A. 
cap(e)" 

Consider the three conditions: 
(i) Szego condition 



-n 



(4.2) 



log(w(a;))dist(x, M \ e) dx > -oo 



(4.3) 



(ii) Blaschke condition 



£{J) = ^dist(a;fc, e)^/^ < oo 



(4.4) 



k 

(iii) Widom condition 

< A < A < oo 



(4.5) 



Theorem 4.1. Any two o/ (i)-(iii) imply the third. 

Remarks. 1. We'll eventually prove more; for example, if (ii) holds, 
then (i) A > 0; and if either holds, then (iii) holds. 

2. This is a precise analog of a result for e = [—2, 2] of Simon- 
Zlatos [27] (cf. Theorem 11.11) who relied in part on Killip-Simon [H] 
and Simon |21j . 

3. For e = [—2, 2], the relevance of (14.41) to Szego-type theorems is a 
discovery of Killip-Simon [H] and Peherstorfer-Yuditskii |15j . 

4. When there are no eigenvalues, the implication (i) =^ (iii) is a 
result of Widom [33]; see also Aptekarev [1]. Peherstorfer-Yuditskii 
[T6] allowed infinitely many bound states, and in [17j, they proved (i) 
=^ (iii) if (ii) holds. The other parts of Theorem 14.11 are new, although 
as noted to us by Peherstorfer and Yuditskii [13], there is an argument 
to go from [ini [IZ] to (iii) =^ (i) if (ii) holds (see Remark 3 following 
Theorem 14.51 below) . 

Recall that, given any pair of Baire measures, dfi, du, on a compact 
Hausdorff space, we define their relative entropy by 



It is a fundamental fact (see, e.g., [231 Thm. 2.3.4]) that S{fi \ v) is 
jointly concave and jointly weakly upper semicontinuous in d^ and du, 
and that 




3o if djjL is not dzz-a.c. 

/ log(^) d^ if d/i is dv-&.c. 



(4.6) 



/x(X) 



zy(X) = 1 ^ 5(/i I z/) < 



(4.7) 
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S is relevant because we define 

Z(J) = -i5(pe|/^j) (4.8) 

with dfij the spectral measure of J and dp^ the potential theoretic 
equilibrium measure for e. Then, by (14.71) . 

Z{J) > (4.9) 

More importantly, 

(Km ^ Z{J) < oo (4.10) 

We have (14.101) because (see eqn. (4.31) and Theorem 4.4 of paper I) 
dp^ is dx \ c a.c. and 

Ci dist(a;, M \ e)-^/^ < ^ < ^2 dist(x, R \ e)^^/^ un) 

dx 

for < Ci < C2 < oo. 

Given the connection ( 11.24^ between Blaschke products and G^, 
the potential theoretic Green's function for e, and the symmetry of 
Blaschke products (eqn. (4.19) of paper I), one can rewrite the step- 
by-step Co sum rule. Theorem 2.2, as 

Theorem 4.2. For each n, Z{J) < 00 ^ Z^J^"^^) < 00, and in that 

case, 

|^ = ir„exp[Z(jH)-Z(J)] (4.12) 

where 

= exp(^^[G,(x,(J)) - G,(a;,(j(")))]^ (4.13) 

Remark. By Theorem 13. 11 and the monotonicity of near gap edges 
(eqns. (4.45) and (4.46) of paper I), the sum in (I4.13P is always condi- 
tionally convergent if ordered properly. 

Proof. By iterating, it suffices to prove the result for n = 1. As noted, 
Ki is always finite and the remarks before the statement of the theorem 
show that for n = 1, Ki = i?oo(0). Thus, the step-by-step Cq sum rule 

says 

ai fl ["^^ ^ ( lmM(e*^) \ dB\ , , 



cap(c) ' "^^2 Jo ^\lmM(^){e'S)J 27r J 
Since M and so Im M is automorphic. Corollary 4.6 of paper I implies 
^\ ( ImM(e^^) \de f / w{x-J) \ , , , 



ImMW(e^^)y 27r ^\w{x]Ji^)) 
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where we use ^ 

w{x; J) = — lmm{x + iO, J) (4-16) 

71 

Thus, 

\og{w{x; J^^'^)) dp^{x) > —CO J \og{w{x; J)) dp^{x) > — oo 

(4.17) 

showing Z(J^^^) < oo <^=> Z{J) < oo. Moreover, if both are finite, 

RHS of fl4J5D = 2Z(jW) - 2Z{J) (4.18) 
dm-dHH]) imply (Km . □ 
Proposition 4.3. We have that 

Kn < A^e^^'^ (4.19) 
In particular, for some constant Ci, 

A{J) > e-^(-^) hminf[exp(-Ci £:(/")))] (4.20) 

and 

hm sup Kn < A{J)e^^-^^ (4.21) 

Proof. (KT^ is immediate from IKV2^ if we note that Z(j(")) > 
so that exp(-Z(j("))) < 1. fOOD follows from noting that K„ > 
exp(— Ge(a^/c(-^*'"'^))) since G'e(xfc(J)) > and then, that for some 
Ci (depending only on e), 

G,{x) <Cidist{x,ty/^ (4.22) 

by Theorem 4.4 of paper I. Finally, 04.211) is immediate by taking 
limsup in (14.191) . □ 

Proposition 4.4. Let be the Jacobi matrix with spectral measure 
dp^ and let {an\&n^}5^i be its Jacobi parameters. Let Jn be the Jacobi 
matrix with parameters 

\ CLm m = 1, . . . ,n 
amiJn) = < Z) (4-23) 
[a'J-n rn>n 

h ( 1 \ J^™ m = l,...,n 

hm{,Jn) = < ^ (4-24) 



Then 



AniJ) = exp G,{xkiJn))^ exp(-Z( J„)) (4.25) 

In particular, for some Ci {depending only on t), 

An{J) < exp{C,S{Jn) - Z(J„)) (4.26) 
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Proof. Jn is defined so that 

(Jn)^"^ = J. (4.27) 

and 

An{Jn) = An{J) (4.28) 

Thus, since Z{J^) = and has no eigenvalues outside e, (14.121) for 

Jn is fl4^ . (14:^ is then immediate from fH:22D . □ 

Theorem 4.5. If £{J) < oo, then 

A{J) > ^ Z(J) < oo (4.29) 

and if these are true, the Widom condition holds: 

< A{J) < A{J) < oo (4.30) 

Proof By ( KM and Theorem [321 

S{J),Z{J) <oo^A{J)>O^A{J)>0 (4.31) 

By (14.261) and Theorem 13. 8[ going through a subsequence with 
^nj{J) ^{J)j "we see that 

£{J) < oo, A{J) > ^ limsup[exp(-Z(J„J)] > (4.32) 

Thus, for some subsequence, 

liminf Z(J„J < oo (4.33) 

Since J„^. — ^ J, the spectral measures converge weakly. Since S is 
upper semicontinuous, Z = — ^S* is lower semicontinuous, and thus, 

Z{J) <\immiZ{Jn^) (4.34) 

so fl4.33p implies Z{J) < oo. That is, we have proven 

£{J) < oo, A{J) > ^ Z{J) < oo (4.35) 

If we have Z{J) < oo and £{J) < oo, we get A{J) > by fOTj) . 
and since Z{Jn) > 0, (14.261) implies 

A{J) < limsup[exp(Ci£(J„))] < oo (4.36) 

by Theorem 13. 8[ □ 

Remarks. 1. The above proof shows that even without Z{J) < oo, 
we have £{J) < oo ^ ^(J) < oo. 

2. The proof borrows heavily from ideas of Killip-Simon [TT] and 
Simon-Zlatos pTj . 

3. As noted, £{J),Z{J) < oo =^ (14.301) is a prior result (using 
variational methods) of Peherstorfer-Yuditskii ^161 [TTj. Peherstorfer 
and Yuditskii [H] have pointed out that their results can be used to 



22 



J. S. CHRISTIANSEN, B. SIMON, AND M. ZINCHENKO 



prove £^(J) < oo, A(J) > ^ Z(J) < oo by the following argument: 
While it is not explicitly stated, [121 |T7] prove that for any K, there is 
a constant C so that for all measures with Z{J) < oo and £{J) < 

lim sup "^"V?" < Ce-^(^) (4.37) 
„_oo cap(e)« - 

Given djji with 2' (J) = oo and ^(J) < -ft', let djle be the measure 
+ e dx \ c. Then with (i/x^ the normalized measure and a„(e) the 
corresponding a's, (14.371) implies (since Z{Je) < oo) 



lim sup ,T < Ce~'^'^^ (4.38) 

cap(e)" ~ ^ ' 

By the variational principle for ai ■ ■ ■ a„ = ||-Pn||, we have 

ai---a„ < [ai(£)---a„(£)](l + £|e|)^/2 (4.39) 

Since Z(JJ - i log(l + e|e|) t Z{J), flCTjl - flCTD imply that i(J) = 
if ^(J) = oo. This argument for the classical Szego case is in Garnett 

Theorem 4.6. A{J), Z{J) < oo ^ S{J) < oo 

Proof. This is immediate from fl4.2ip and Theorem 13. 2[ □ 
Remark. This argument follows ideas of Simon-Zlatos [27] . 
Theorems 14.51 and 14.61 imply Theorem 14. 1[ 

5. JosT Functions and Jost Solutions 

In Section 8 of paper I, we defined the Szego class for e, which we'll 
denote Sz(e), to be the set of probability measures, rf/i, of the form 
(14.11) that obey (14.31) and (14. 4p . As usual, we associate dfi with its 
Jacobi matrix and Jacobi parameters {(in,bn}'^^=i, which we will write 
as {a„(/i), 6„(yu)}.^]^ if we need to be exphcit about the measures. Of 
course, the a's obey the Widom condition (14. 5 p for all measures in the 
Szego class. 

In this section, we want to recall the definitions of Jost function and 
Jost solution from Sections 8 and 9 of paper I, extend some results on 
Jost solutions to the full Szego class, and state the main theorem that 
we'll prove in the next section about their asymptotics. 

Jost functions require a reference measure, and we'll use the one 
from paper I. Let Q G Cj~, the full orthocircle, be the point farthest 
from on Cj' and let Wj G S, the Riemann surface for e, be given by 

Wj = x'*((^j). Each Wj lies in Gj = Tc~^{[Pj, aj+i]), sow = {wi, . . . , we) G 
G = Gi X ■ ■ ■ X G^, which can be associated with the isospectral torus. 
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Our reference measure is the measure in % associated to w. We denote 
it by 

dv^{x) = Ve{x) dx (5-1) 
We point out that while our choice of the reference measure is con- 
venient, one can take any other measure in the Szego class to be the 
reference measure. 

Given d/i e Sz(c), let {xu} be the eigenvalues of J in ]R\ e and define 

yi{zk) = Xk (5.2) 
The Jost function is then defined on D by 

^ n e.p H;;±i log ,o) (5.3) 

Since (14.161) implies 

u;(x(e*^)) ImM^(e^^) ^ ' ' 

we could use that ratio instead. By the Blaschke condition and Propo- 
sition 4.8 of paper I, the product in (15. 3p (which we'll call the Blaschke 
part) converges. By eqn. (4.54) of paper I and the Szego condition for 
dfj. and du^., the log in (15. 3p is in L^(9D, d9/2Ti). We call the exponen- 
tial in (15.31) the Szego part. As proven in Theorem 8.2 of paper I, u is 
a character automorphic function on ©. 

For any Jacobi matrix, J, with a^ssiJ) = ^, we let M*^") be the m- 
function (I1.26P of the n-times stripped Jacobi matrix, and define 
the Weyl solution by 

Wn{z) = M{z){aM'\z)) ■ ■ ■ (a„_iM("-i)(^)) (5.5) 

M*^^) has poles at the inverse images of eigenvalues of J^^-* and zeros at 
the inverse images of eigenvalues of J^^^^\ so there is a cancellation, 
and Wn can be defined as meromorphic on D with poles exactly at the 
points C with x(C) an eigenvalue of J. 

The name, Weyl solution, comes from the fact that because m is a 
ratio of solutions at n = +oo, Wn obeys 

Wn{z) = -{6n,{J-Az))-'6,) (5.6) 

so that for /c > 2, 

[{J-^{z))W.{z)]k = (5.7) 
where W.{z) is the vector (Wi{z), W2{z), . . .). That is, 

anWniz) + bn+lWn+liz) + an+lWn+2iz) = x{z)Wn+l{z) (5.8) 

for n = 1,2,.... 
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The Jost solution is defined by 

Un{z; fl) = u{z] ^i)Wn{z) (5.9) 

Since u{z] /i) is n-independent, f lS.Sp holds for u„ also. Since u has zeros 
at the points where M, and so Wn, has poles, Un is analytic on D. 

Theorem 5.1. 

aM-'\z) = B{z) 4^^^ (5.10) 

where M^'^'^ = M, djjLQ = dfx, and djjin, M^^^ are associated to J^^\ the 
n-times stripped Jacobi matrix. 

Proof. This is a rewrite of (Q for □ 

Theorem 5.2. Let djj, G Sz(e). Then 

Un{z; fi) = a~^B{z)"-u{z; fin) (5-11) 

where d/jn is the spectral measure for J*^"^, the n-times stripped Jacobi 
matrix. 

Proof By f lSJOD and fl53D . 

a^Wn{z)=B{zr^^^^ (5.12) 

which by (15.91) implies (15. lip . □ 
The key asymptotic result of the next section is the following: 

Theorem 5.3. Suppose dfi G Sz(c) and that for some subsequence 
nj — s> oo and all m G Z, 

anj+m{Jfj.) Ctm bnj+m{J/i) — > (5.13) 

for some point {a|, &^}.^_oo the isospectral torus. If dfJ is the spec- 
tral measure for the Jacobi matrix with parameters {aj^, hl^}"^^^, then 

u{z]finj) u{z;fi^) (5.14) 
uniformly on compact subsets of ID). 

We note, as will be explained in the next section, that there is no 
loss in supposing that the limit is in the isospectral torus. We'll also 
show that Theorem 15.31 allows the proof of (11.170 for a point J in the 
isospectral torus. 
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6. JOST ASYMPTOTICS 



In this section, we'll prove Theorem 15.31 use this result to prove that 
for dfi G Sz(e), the Jacobi parameters a„, are asymptotic to a fixed 
element of %, and prove an asymptotic formula for the Jost solution. 

The key to our proof of the existence of an {a„, bn}'^=i obeying (11.171) 
is the Denisov-Rakhmanov-Remling theorem for e ([H]) which implies 
that any right limit of J lies in the isospectral torus. Tracking the 
characters of the Jost functions will determine exactly which right lim- 
its occur. This leads to a proof quite different from the variational 
approach of [331 H IB] • 

We write 

u{z; jj) = I3{z] n)e{z] ix) (6.1) 

where (3 is the Blaschke part and e the Szego part. We'll prove (15.141) 
by proving separately the convergence of the two parts. 

Theorem 6.1. Under the hypotheses of Theorem uniformly on 
compact subsets of 3, 

(3{z;fin,)^f3{z;fi^) (6.2) 

Proof. By Theorem 13.71 of this paper and Proposition 4.8 of paper I 
(and its proof), given a compact set C © and e > 0, we can find 
5 > so that the product of the contributions to /3 from x's with 
dist(x, t) < S are within e of 1 for all z E K. Thus, it suffices to prove 
convergence of individual x's for fj,n- to those for /x", and this follows 
from Theorem 13. 9[ □ 



To control the Szego part, we first need the following lemma of 
Simon-Zlatos 



Theorem 6.2 ([27]). Let X be a compact Hausdorff measure space, 
dp, dfin, dfioo probability measures with dfin —>■ dpoo weakly, and 

dfXn = fndp + dfXn;s (6.3) 

Suppose that 

S{p\ fin) ^ S{p\ /ioo) (6.4) 

with all relative entropies finite. Then 

\og{fn)dp ^ logifoo) dp (6.5) 
Proof. If h is continuous and strictly positive, by upper semicontinuity, 
limsup ^(/ip I pn) < S{hp I Poo) (6.6) 



or 



limsup j \og{fnh ^)hdp< j \og{foc>h ^)hdp (6.7) 
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SO that 

limsup j \og{fn)hdp< j \og{foo)hdp (6.8) 
For arbitrary continuous real- valued let /i = 2||5f||oo ± to get 

lim j \og{fn)gdp = j \og{foo)gdp (6.9) 

□ 

Proposition 6.3. To get 

e{z; pn,) ^ e{z; p^) (6.10) 
uniformly for z in compact subsets of D, it suffices to prove that 

lim S{p, I pn^ = S{p, I p^) (6.11) 



Proof. By definition of e, it suffices that as measures on 9D, 
lcg(i|ImAf„„,(e")|)| ^ log(i|ImM„.(e«)|)| 



Given c/ e C{dB), define 



E,erl7'(e^' 



and h on t hj 

Mx(e'^)) = i[^(e^^)+^(e-^)] (6.13) 

Note that h is continuous on e since g is continuous on dJ-" fl by 
eqn. (3.4) of paper I. 

By Corollary 4.6 of paper I, 



27r / 1 \ 



^/(e*^)log(^- |ImM^(e'^)|J — = j h{x) \og{w^{x)) dp,{x) 

(6.14) 

so the necessary weak convergence on is implied by weak conver- 
gence of log(/„^ )(ipe to log(/oo) (ipc- This in turn follows from 06.111) 
and Theorem I6.2[ □ 

Theorem 6.4. Under the hypotheses of Theorem uniformly on 
compact subsets of D, 

e{z] pn^) e{z] p^) (6.15) 

Proof. By Proposition 16. 3[ it suffices to prove (16. lip . Since pn^ p\ 
upper semicontinuity of 5* implies 

limsup5'(pj /i„ .) < ^(pe I yw") (6.16) 
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So it suffices to prove that 

S_ = liminf S{p( \ puj) > S{p^ \ /i") (6-17) 

Pick a subsequence (that we'll still denote by rij) so that S{p^ \ 
Prij) S_ and so that Tj — >• t^o for some Too > 0, where 

Ctl ■ ■ ■ dn 

r, = , , ' 6.18 

Note that by Theorem 14. H and dp G Sz(e), the original r^'s are bounded, 
so we can pick such a convergent subsequence. 

For k < i, let Jk,e be the Jacobi matrix obtained by starting with 
and then putting at sites beyond rii, that is, 

amiJk/) = i / (6.19) 



exp[iS'(pe I /Wm) -^S{p,\ /i*)] (6.21) 



Thus, (Jfc,^)("^""'=) = so the iterated step-by-step Co sum rule 
says that 

n ^ /3(0;/i« 
T-fc p{0;pk,e) 
We claim that 

lim/?(0;/ifc,^) =/3(0;/i„J (6.22) 

Accepting this for now, we take £ ^ oo in fl6.2ip . using the upper 
semi continuity of S{pe \ p) in p to get 

exp[i S(pe I /inj - i 5(pe | /i»)] > ^ (6.23) 

Now take A; — > oo using the assumption that ^(pe I /Un^) — ^ 5^- Since 
Too/Tk 1 and, by (E2]), 

/3(0;p«) 

we get fl6TfD . 

Thus, we need only prove fl6.22p . which follows the proof of Theo- 
rem 16. H but using Theorems 13.81 and I3.10[ □ 

Proof of Theore'm \5.3\ . By ( 16.11) . this follows from Theorems 16.11 and 
El □ 

We can now prove (I1.17p . 
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Theorem 6.5. Let G Sz(c). Take djl to he the unique element in 7^ 
so that u{z] n) andu{z; ji) have the same automorphic character. Then 

Mm \an - dn\ + \bn - bn\ = (6.24) 

n—foo 

Remark. The existence and uniqueness oi djl & foUows from The- 
orem 7.3 of paper I. 

Proof. If not, by compactness, there is a right hmit J" so that 

O'm+rij ^ bffi+nf. ^ (6.25) 

and so that 

a^+„^, ^ a^r^ hm+n, ^ (6.26) 

with 

J« ^ J(°°) (6.27) 

By the Denisov-Rakhmanov-Remling theorem p^, and J'-""-* he 
in the isospectral torus. Let Xb{,i) be the automorphic character of 
B{z). Then with Xj{i) the character of the Jost function for J, (15.101) 
and the fact that M*^""^) is automorphic imphes that 

= XjXb" = XjXs'' (6.28) 

Since the definition of J is xj = XJi we see that 

= (6.29) 

By Theorem 15.31 and the fact that uniform convergence of character 
automorphic functions imphes convergence of their characters, we get 

Xji = Xj(oo) (6.30) 

But and J^"^^ lie in the isospectral torus, so by Theorem 7.3 of 
paper I, 

J« = J(°°) (6.31) 

This contradiction to (16.271) implies that fl6.24p holds. □ 

As a corollary, we get convergence of Jost solutions. 

Theorem 6.6. Uniformly on compact subsets of 3, 



B{zY 

Moreover, 

Un{z]fl) 

uniformly on compact subsets of J-'^'^^. 



(6.32) 
(6.33) 
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Remark. At each point in {7(0) | 7 G F}, Un and B" have zeros of 
order n, so UnB~'^ has removable singularities at those points. 

Proof. Since J'-"^ and J^"-* (by Theorem 16.51) have the same right limits, 
by Theorem 15.31 

\U{Z] ^In) - U{Z] jln)\ ^ Q (6.34) 

uniformly on Since an/ an — > 1, (15.111) implies fl6.32p . 

As Un{z] ft) is bounded away from zero (uniformly in n) on compact 
subsets of J^'''\ flCTj) implies fl633D . □ 

Corollary 6.7. Let dfi G Sz(c) anc? let dft & % be the measure for 
which (16.241) holds. Then, as n ^ oo, 

Qi • • • an _^ u{0;fx) 
di- ■ - dn m(0; /i) 
In particular, ai ■ ■ cap(e)" is asymptotically almost periodic. 

Proof. The final sentence follows from (I6.35P and Corollary 7.4 of pa- 
per I. To obtain (16.351) . note that (I5.10p at z = and (12.120 imphes 

M(0;/i„) ai---a„ 



m(0; /i) cap(c)" 

Thus, 

ai ■ ■ - On u{0;fi) M(0;/i„) 



(6.36) 

/ N / N (6-37) 
ai - ■ - an M(0;/i) u(0;/i„) 

Since m(0; z/) is bounded away from as du runs through the isospec- 
tral torus, (16.341) implies that 

u{0;fin) 



proving (I6.35p . □ 

7. SZEGO ASYMPTOTIGS 

In Section [6], we proved that if u„ is the Jost solution of a with 
dfi G Sz(c) and Un is the Jost solution for the element of the isospectral 
torus to which is asymptotic (in the sense of (11.170 ). then, as n ^ cxd, 
Un{z) I Un{z) 1 Uniformly on compact subsets of .F™*. Our goal in this 
section is to prove that if pn and p„ are the corresponding orthonormal 
polynomials, then also on JF"^*, pn{z)/pn{z) has a limit (which will 
not be identically 1 and which we'll write explicitly in terms of Jost 
functions). 

The passage from Jost asymptotics to Szego asymptotics in the case 
e = [—2, 2] was studied by Damanik-Simon [5] using constancy of the 
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Wronskian. Our first approach for general e mimicked tliat of [5J but 
was awkward because certain objects wliicli were constant in the case 
e = [—2, 2] were instead almost periodic. To overcome this, we found 
a new approach which, even for e = [—2,2], is somewhat simpler than 
the approach in [5]. 

The idea is to exploit the formula for the diagonal Green's function 
for X G C+, 

Gnn{x) = {5n,iJ-x)-'5„) (7.1) 

namely (see, e.g., [23), 

Gnn{x) = , . (7.2) 

where f/„(x) is defined by 

Un{x) = u^{0 x(C) = a: ( e (7.3) 

and Wt{x) is defined by 

Wr(a;) = a„(f/™+i(x)p^_i(x) - Ura{x)pm{x)) (7.4) 

for m > 1. The right-hand side is independent of m. The funny 
indices in (17. 4p compared to Wronskians come from the fact that Um 
and Vm = Pm-i obey the same difference equation, and RHS of (17.41) 
is nothing but amiUm+iVm - UmVm+l)- 

In (17.41) . we can also take m = if we set Oq = 1, P-i{x) = 0, and 

f/o(x) = n(C;/i) (7.5) 

With this choice of Uq, and Oq, Um obeys aQUo + biUi + aiU2 = xUi, 
and similarly for Vm- Since p_i = and pq = 1, (17.41) for m = says 

Wr(x) = -m(C; /i) (7.6) 

Here is the key to going from Jost to Szego asymptotics: 

Theorem 7.1. Suppose {an, bn}'^=i obey (11.171) for some {an, bn}'^=i in 
T^. Then, uniformly for z in compact subsets ofC \ ([ai, Pi+i] U cr(J)), 

\im[Gnniz)-Gnniz)]=0 (7.7) 

n— >oo 

where G„„ is given by (17. ip with J replaced by J. 
Proof. By the resolvent formula, 

Gnniz) — Gnn{z) = Gnm{z){J — J)mkGkn{z) (7.8) 

m,k 

On compact subsets of C+, 

\GUz)\ + \GU^)\<Ce~''\^-''\ (7.9) 
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for suitable C,D > 0. Since (J — J)mk — > as m, — oo, we get (17.71) 
from (17.81) and (17.91) . Using the maximum principle, one extends the 
result to compact subsets of C \ U o-(J)). □ 

Theorem 7.2. Under the hypotheses of Theorem \7.1\ uniformly on the 
same compact subsets of C, we have that 

lim = 1 (7.10) 

G riri \ ^) 



Proof. For each fixed n, Gnn{z) is nonvanishing on the compact subsets 
under discussion since neither Un nor pn-i have zeros there. Since shift- 
ing n is equivalent to moving on the torus, G„„ is uniformly bounded 
away from zero as n varies (cf. (17.131) below). Therefore, (17.71) implies 

dun]). □ 

As a final preliminary on Szego asymptotics, we look at the isospec- 
tral torus. If dv G 7^, then reflection of the Jacobi parameters about 
n = 0, 

b^:^ = b_r,, a(:) = ai_„, neZ (7.11) 

gives an almost periodic Jacobi matrix in the isospectral torus, so a 
point we will call du^'^^ G T^. 

For n G Z, we denote by dvn ^ ^ the spectral measure of the two- 
sided Jacobi matrix when restricted to £^({n -|- 1, n + 2, . . . }). In 
particular, dvQ = du. 

Following paper I, for x G C U {c>o} \ e, we define z(x) G to be the 
unique point with x(z(a;)) = x, and for x G e, we set z(x) = z(x — iO). 

Theorem 7.3. Given du G %, there exist nonvanishing, continuous 
functions a;(x; z/) and (3{x]v) for x G C \ [a;i,/5^+i] so that the or- 
thonormal polynomials are given by 

, N / X ti(z(x), Z/i'2) ^, , u(z(x),I/„) 

x; v) = « x; u) ^ \ + /3 x; u) ^ ; /' 7.12 
aL;^5(z(x))'^ a„5(z(x)) " 

In particular, p„_i(x; i/)-B(z(x))" is asymptotically almost periodic. 
Moreover, on any compact subset, K, ofC\ [ai, /^f+i], there is a con- 
stant G > 1 so that 

G-'B{z{x)r < \Pn-iix; u)\ < GB{z{x)r (7.13) 
for all X ^ K and du E 
Proof. Define 

uti^; ^) = Mn(z(x); v) M^(x; u) = m+„(x; //(*■)) (7.14) 
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Then are two solutions of 

a^Vn+l + hnVn + O^-l^^n-l = XVn (7.15) 

and they are hnearly independent since one is at +00 and the other 
at —00, and x is not an eigenvalue of Jy. 
Since p„_i(a:; p) also solves fl7.15p . we have 

p„_i(x; v) = a{x] v)u~{x] v) + (3{x\ v)u1^{x; v) (7.16) 

and Wronskian formulae for a and (3 show that they are real analytic 
in u E % and analytic in a; G C \ [ai, 

(I7.12P then follows from Theorem 9.2 of paper I. 

Since \B\ < 1 on D, the second term multiplied by 5" is expo- 
nentially small, and the first is almost periodic, so is almost 
periodic up to an exponentially small error. 

The upper bound in (17.131) is immediate from (I7.12p . \B\ < 1, and 
the almost periodicity of u{z; Un). 

Since x is not an eigenvalue of J,^, a is nonvanishing, which proves 
that for any K and n > N,we have a lower bound. Since p„ has no zero 
in K, a lower bound on n < is immediate. That proves (I7.13p . □ 

Theorem 7.4 (Szego asymptotics) . Let dfi G Sz(e) and let djl he the 
measure of the Jacobi matrix in % for which (I1.17P holds. Then, uni- 
formly on compact subsets ofC\ [ai,Pe+i], 

Pn{x;fi) _^ u{z{x);fi) 
Pn{x;fi) u{z{x);fi) 

In particular, Pn{x; /i)i?(z(x))" is asymptotically almost periodic. 

Remarks. 1. It is not hard to see that the last statement extends to 
C\e. 

2. In the periodic case, one also has Szego asymptotics in the gaps 
of e except at finitely many points. 

3. Since the monic orthogonal polynomials, Pn{x), are related to the 
orthonormal ones via P„(x) = (oi ■ ■ ■a„)p„(x), Szego asymptotics for 
the monic polynomials immediately follows from (I6.35P and (17.170 . 

Pn{x;p) _^ M(z(x);/i)/n(0;/x) 
Pn{x;fx) u{z{x);fl)/u{0;fi) 

Proof It follows from ([72]) and (El]) that 

Pn-l{x;fi) Gnn{x) Un{z{x)] fl) u{z{x); fi) 



Pn-l{x-fl) Gnn{x) Un{z{x)] fi) u{z{x)] fl) 



(7.18) 
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The result is immediate from f lT.lOp and f l6.33p since we can include 
points below ai and above by the maximum principle and the 
fact that p„(x; jl) is non- vanishing on M \ [ai, □ 

8. SZEGO ASYMPTOTIGS ON THE SpEGTRUM 

By a standard approximation argument going back to Szego [30] , the 
function 

f27r Ae 



is in if^(ro), so it has nontangential boundary values for a.e. z G 83. 
Since convergent Blaschke products (with a Blaschke condition) are 
well known to have boundary values (see [19|, pp. 249, 310]), u{z; n) 
has boundary values for a.e. z G and all d/i G Sz(c), and so does 
Uniz;n) by (|5.1ip. 

Thus, for Lebesgue a.e. x G c, 

u:^ix; fi) = Uniz{x - iO); fi) (8.1) 

exists. Moreover, since Imm(a; + zO) 7^ for a.e. a; G e, we can define 
a linearly independent solution by 



M„(x;/i) = M+(x;/i) (8.2) 
This leads to an expansion: 

Wr(p._i,Mr)M++i(x;/i) - Wr(p._i,n+)n;+i(x;/i) 

Pni^) = ... / + -X 8-3 

Wr(n7, u. ) 



«o (a^; /^X+i(a;; /i) - < (x; /iX+i(x; /i) 



(8.4) 



Wt{u.,u. ) 

Given the asymptotics of to m^, this explains the expected as- 
ymptotic result we'll prove: 

Theorem 8.1. Let dfi G Sz(c) have the form (11.91) and let u^{x) be 
the Jost solution for the asymptotic point in % {i.e., the point given by 

inrm ). Then 



Im(M(z(x);/i)M++i(x)) 

Pn{x) 



w{x) dx (8.5) 



TTf j(x) 

and 

j \pnix)\^ dfisix) ^ (8.6) 
where is the weight for the reference measure used in (15. 3p . 
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Remarks. 1. vrf ^(x) enters because of the following calculation: 

Wt{u'^,u7) = ao{uiuo -u^Uq) (8.7) 
= -(ao)^|M^|^2iImm(x -iO) (8.8) 

= 2i !^ nw(x) (8.9) 
w{x) 

= 2mv,{x) (8.10) 

In the above, ( 18. 8p comes from (11.26^ and (IS.lOp . and (18. 9p comes 
from (14.161) . (15. 3p (see Lemma 18^ below) . and (15. lip , which says that 
u+ = dQ^u{ ■ ,/i). 

2. In case e = [—2,2], (18. 5p becomes 

J{n+l)e{x)\ 2 



. , Im(M(z(x); u) e* 
Pn{x) 



w{x) dx ^ 



sm{6{x)) 

where 6{x) is given by z{x) = e^^(^'). This is a result of p^; see also [5] 
and [2ni Sect. 3.7]. 

We define 



_ u{z{xy,fi)u^+,ix) 

k-ix) = k+{^ (8.12) 

in which case, (I8.5p - (l8.6p become 

\\Pn-k^-k-\\l + \\pX^O (8.13) 

where ||-||^ is the L'^{t,wdx) norm (we use ( , )^ for the inner product) 
and II -[Is is the L^(M, d/ig) norm. Clearly, (18.131) follows from: 

Ibnil' +||Pn||s = 1 (8.14) 

\\ki\\l = l (8-15) 
lim(A;-,A;+)^ = (8.16) 

n— >oo 

lim Re{k~,pn)w = h (8-17) 

n^oo 

(I8.14P is the normalization condition on p„, so we only need to prove 
( I8.15p -( l8.17p . We'll need some preliminaries: 

Lemma 8.2. For a.e. z E the boundary value of u{z; fi) obeys 

Hz;f^)\' = "-^Pf^ (8.18) 
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Proof. In (15.31) . Illfc -^(-^' ^ boundary value, by standard 
results on Blasclike products. By convergence of the Poisson kernel, for 
a.e. z in dlD), the real part of the exponential converges to log( ^|^|^jj ). 

□ 

Lemma 8.3. For any du E % with weight Wy, we have 

2'K^ao{iyy (8.19) 



Proof. If Gqq{z; v) is the Green's function of the whole-line Jacobi ma- 
trix Jy and u^^{x] z/) = Un{z{x + iO); z/) the boundary value of the Jost 
solution, then 



Goo{x + zO; u) = 01 . J o ^g_2o) 

ao{i')[uf {x; u) Mq (x; v) — ul{x] v) Uq{x] v)] 

^ (8.21) 



ao(z^)^2i Imm(x + zO; v 

i 



(8.22) 



2'KaQ{uyWy{x) 
so 

- ImGoo(x + zO; v) = / (8.23) 

But the whole-line Jacobi matrix has purely a.c. spectrum a{Jy) = 
e and the density of the probability spectral measure for Jy and 6q is 
MmGoo(a; + zO; z/), so 

- / ImGoo(a; + iO;z/)rfx = 1 (8.24) 

(E^l and (Km imply flHrTOj) . □ 
Proposition 8.4. fl8.15l) holds. 
Proof By ( ISTB and (l8ll|) . 

1,.+^ m2_ |M(z(x);/i)|Xz(x);/^„.+i)p 



so, by Lemma [821 



l^n (a;)r = -r-2r~ ^~ TT (8-26) 

47r2(a„+i)2w;(x)w„+i(x) 



and so 

ATc'^{an+l)'^ JtWn+l{x) 2 



A;+(x)|'w;(x) rfa; = —r-^ — - I -r^^ = I (8.27) 
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by Lemma [831 Since \k~\ = we get the same result for ||A;^||^. □ 
Lemma 8.5. Let f G L^{z,dp^. Then 

lim ! B{7.{x)Yf{x)dpe{x) =Q (8.28) 

n->oo 

Moreover, fl8.28p holds uniformly on norm compact subsets of 
L^{t,dp,). 

Proof. Without loss of generality, assume that / is real-valued. Then 
by Corollary 4.6 of paper I, we obtain 

//•27r jn 
B{7.{x)rf{x)dp,{x) = i?(e^^)"/(x(e^^)) - (8.29) 

By the Cauchy theorem, {B^}n& forms an orthonormal system in 
L^(9ro, 1^). Hence it follows from the Bessel inequality that RHS of 
fl8.29p converges to zero for any L^-function. The general case of L^- 
functions and the result on uniform convergence on norm compacts 
follow by approximation. □ 

Remark. The above result can be also established via a stationary 
phase argument. 

Proposition 8.6. (18.161) holds. 

Proof. By the same calculation that was used in the proof of Proposi- 
tion [831 

{K. K)^ = IUx)B'^^\z{x)) dx (8.30) 

where 

J ^^-^ ^ 1 u{z{x); pn+i)^ |M(z(x);/i)p 

A7T^{dn+iy Vc{x) u{z{x);py 

For du E %, let 

1 M(z(x);t/)^ |m(z(x);//)P 

47r^ao(z^)^ Vc{x) u{z{x); p)"^ 

By Lemma 18.21 the /'s are all in (with norm 1/2 by Lemma 
18.31) and / is continuous in u. So, since % is compact, we see from 
Lemma [8.51 that the integral in (18.30!) goes to zero. □ 

This leaves (I8.17p . The argument is somewhat complicated in case 
there are bound states, especially if there are infinitely many. So let us 
consider it first when dp has no point masses in M \ e. 

Proposition 8.7. Suppose dp has support c so that u{z; p) is nonva- 
nishing on D. Then (I8.17P holds. 
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Proof. We claim that 



Re 



k~{x) Pn{x)w{x) dx 



u{z;iJ,) Un+i{z) 



(8.33) 



Pn{^{z)) w(x(2;))x'(z) dz 



where the integral is evaluated counterclockwise. AsRe/c" = |A;++|A;~ 
and Repn{x) = Pn{x), the fc+ term directly gives the counterclockwise 
integral over C+ fl dJ-' fl dB) (since ^'{z) is positive there). Since u and 
are real on M, and x' and i flip signs under e*^ e~*^, the k~ 



u 



n+l 



term gives the integral over dJ^ fl dl 
Notice next that, by flHrTSD . 

w(x(2;)) 



so 



LHS of (18:331) 



m(z;/^) 



1 

47rz 



Ue(x(2)) M(z;/i) 

u„+i(z)p„(x(z)) 



(8.34) 



(8.35) 



'9.7="neiD) u{z; fl) 

By (16.281) . (15.111) . and the choice of dp,, the integrand in (I8.35p . call it 
F, is automorphic under F. Since F is real on M, we have -F(^) = F{z). 
Moreover, there are 7 G F so that for z E C/, we have 7(2;) = z, so we 
conclude that F is real on and . Thus, orienting the contours 
counterclockwise about 0, we get 



F{z) dz = 



cTuc; 



since and run in opposite directions. It follows that 

LHS of dHJSD = — / x'(^) rf^ (8.36) 

Inside JF, the integrand is regular except at 2; = 0. Since pn is a 
polynomial of degree n in x(z), and ^{z) has a simple pole at 2; = 0, 
z"p„(x(z)) is regular at z = 0. By (15. lip . Un+i{z) / B^zY^"^ is regular 
at z = 0. Thus, Un+i{.z)pn{'^{z)) has a first-order zero at z = 0. ^(2;) 
is regular there and x'(z) has a double pole. So the integrand in (18.360 
has a simple pole at z = and we conclude that 



LHS of ([H33D 



Un+l{z] fi)pn{y^{z)) 

zu{z; jj) 



2=0. 



Mn+l(0;/i) 
Mn+l(0;/i) 



[^'x'(;.) 



(8.37) 
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The first factor in f l8.37p is z^^Gn+i,n+i{^iz))\^^^, wliicli is 
Tlie tliird factor is 



limz'l-^ + 0{l)] =-x^ (8.39) 

SO 

LHS of (1H3SD = - """^^j"'^? ^ - (8.40) 
2 M„+i(0;/i) 2 

by Theorem 16. 6[ □ 

Proposition 8.8. If dfi has support e plus finitely many mass points 
zn M \ c, then flSTTTD holds. 

Proof. We follow the proof of the last proposition until we get to fl8.35p . 
However, u now has a pole at each z^ in with 

^{zk) =Xke a{J) (8.41) 

Thus, the integrand can have poles (but only finitely many) in JF"*^ and 
also on Cf. Interpret f l8.36p as taking principal parts at the poles on 
Cj. Each such pole contributes with half of 27ri times the residue, so 
we get 2ni times the residue if we only count the poles in JF (i.e., in 
C+ but not in C"). 



The residue at z^ is 

5(2;fc)"+^u(zfc; /i„+i)p„(xfc)x'(zfc) 



2an+iu'{zk; 1^) 



(8.42) 



As Y.n\Pn{Xk)\'^ = V^ ({a^fc}), \B{Zk)\ < 1 and sup Ju{Zk; fin+l)\ < oo, 

the quantity in fl8.42p goes to zero. Since there are finitely many of 
these poles, their contribution vanishes in the limit and LHS of (18.330 
converges to 1/2. □ 

Finally, we turn to the general case. The following completes the 
proof of Theorem I8.lt 

Proposition 8.9. For any dfx G Sz(e), (18.170 holds. 

Proof. Following Peherstorfer-Yuditskii [15], we'll approximate u by 
one with a finite number of zeros, but to preserve the fact that we need 
certain functions to be automorphic, we also modify 
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Label all the point masses of dfi in a single sequence {xk}'^^i with 
corresponding points Zk E J-' such that x(zfc) = x^- Let 

m 

u'~'^\z; /x) = n Biz, Zk)e{z; fi) (8.43) 

k=l 

and denote by dfl^"^^ the measure in the isospectral torus whose Jost 
function has the same character as u^"^\ Define 



(8.44) 



^ tx("^Hz(x);/i)^+^i(x;/l('")) 

Clearly, it suffices to prove that 

lim ||fc(™)+-A;+||,^0 (8.45) 

m— ►oo 

uniformly in n, and that 

lim lim |Re(A;^™)+,p„) - || = (8.46) 



m— ►oo n— >oo 



Since YYk=i ^i^^ ^k) Yl'kLi^i^^ ^k) uniformly on compacts, the 
characters converge. Moreover, this convergence of -B's is pointwise 
on d3. The first implies convergence of u{z{x); fi^n+i) "^(2(2;); /in+i) 
away from the band edges (uniformly in n and x as m — 00) with 
uniform square root bounds. This plus fl8.26p yields fl8.45p . 

The proof of fl8.46p follows the proof of Proposition 18.81 The fact 
that we've arranged for the functions to be automorphic allows the 
cancellation of the and Cj' integrals, and since there are only finitely 
many poles away from z = 0, we get convergence in (18.421) and hence 
in flCTj) . □ 



References 

[1] A. I. Aptekarev, Asymptotic properties of polynomials orthogonal on a system 
of contours, and periodic motions of Toda chains, Math. USSR Sb. 53 (1986), 
233-260; Russian original in Mat. Sb. (N.S.) 125(167) (1984), 231-258. 

[2] J. Christiansen, B. Simon, and M. Zinchenko, Finite gap Jacobi matrices, I. 
The isospectral torus, to appear in Constr. Approx. 

[3] J. Christiansen, B. Simon, and M. Zinchenko, Finite gap Jacobi matrices. III. 
Beyond the Szego class, in preparation. 

[4] D. Damanik, R. KiUip, and B. Simon, Perturbations of orthogonal polynomials 
with periodic recursion coefficients, to appear in Annals of Math. 

[5] D. Damanik and B. Simon, Jost functions and Jost solutions for Jacobi ma- 
trices, I. A necessary and sufficient condition for Szego asymptotics. Invent. 
Math. 165 (2006), 1-50. 

[6] S. A. Denisov, On Rakhmanov's theorem for Jacobi matrices, Proc. Amer. 
Math. Soc. 132 (2004), 847-852. 



40 J. S. CHRISTIANSEN, B. SIMON, AND M. ZINCHENKO 

[7] R. Frank, B. Simon, and T. Wcidl Eigenvalue bounds for perturbations of 

Schrddinger operators and Jacobi matrices with regular ground states, Comm. 

Math. Phys. 282 (2008), 199-208. 
[8] J. B. Garnett, Bounded Analytic Functions, Pure and Applied Math., 96, 

Academic Press, New York-London, 1981. 
[9] Ya. L. Geronimus, Orthogonal Polynomials: Estimates, Asymptotic Formulas, 

and Series of Polynomials Orthogonal on the Unit Circle and on an Interval, 

Consultants Bureau, New York, 1961. 
[10] D. Hundertmark and B. Simon, Eigenvalue bounds in the gaps of Schrddinger 

operators and Jacobi matrices, J. Math. Anal. Appl. 340 (2008), 892-900. 
[11] R. Killip and B. Simon, Sum rules for Jacobi matrices and their applications 

to spectral theory, Annals of Math. 158 (2003), 253-321. 
[12] Y. Last and B. Simon, The essential spectrum of Schrddinger, Jacobi, and 

CMV operators, J. Anal. Math. 98 (2006), 183-220. 
[13] P. Nevai, Orthogonal polynomials, Mem. Amer. Math. Soc. 18 (1979), no. 

213, 1-183. 

[14] F. Peherstorfer and P. Yuditskii, private communication. 

[15] F. Peherstorfer and P. Yuditskii, Asymptotics of orthonormal polynomials in 
the presence of a denumerable set of mass points, Proc. Amer. Math. Soc. 
129 (2001), 3213-3220. 

[16] F. Peherstorfer and P. Yuditskii, Asymptotic behavior of polynomials or- 
thonormal on a homogeneous set, J. Anal. Math. 89 (2003), 113-154. 

[17] F. Peherstorfer and P. Yuditskii, Remark on the paper "Asymptotic behavior 
of polynomials orthonormal on a homogeneous set", arXiv math. SP/061 1856' 

[18] C. Remling, The absolutely continuous spectrum of Jacobi matrices, preprint. 

[19] W. Rudin, Real and Complex Analysis, 3rd edition, McGraw-Hill, New York, 
1987. 

[20] J. A. Shohat, Theorie Generale des Polinomes Orthogonaux de Tchebichef 
Memorial des Sciences Mathematiques, 66, pp. 1-69, Paris, 1934. 

[21] B. Simon, A canonical factorization for meromorphic Herglotz functions on 
the unit disk and sum rules for Jacobi matrices, J. Fund. Anal. 214 (2004), 
396-409. 

[22] B. Simon, OPUC on one foot, BuU. Amer. Math. Soc. 42 (2005), 431-460. 

[23] B. Simon, Orthogonal Polynomials on the Unit Circle, Part 1: Classical The- 
ory, AMS Colloquium Publications, 54.1, American Mathematical Society, 
Providence, R.I., 2005. 

[24] B. Simon, Orthogonal Polynomials on the Unit Circle, Part 2: Spectral The- 
ory, AMS Colloquium Publications, 54.2, American Mathematical Society, 
Providence, R.I., 2005. 

[25] B. Simon, Equilibrium measures and capacities in spectral theory, Inverse 
Problems and Imaging 1 (2007), 713-772. 

[26] B. Simon, Szego's Theorem and Its Descendants: Spectral Theory for Per- 
turbations of Orthogonal Polynomials, in preparation; to be published by 
Princeton University Press. 

[27] B. Simon and A. Zlatos, Sum rules and the Szego condition for orthogonal 
polynomials on the real line. Comm. Math. Phys. 242 (2003), 393-423. 



FINITE GAP JACOBI MATRICES, II 



41 



[28] M. Sodin and P. Yuditskii, Almost periodic Jacobi matrices with homoge- 
neous spectrum, infinite- dimensional Jacobi inversion, and Hardy spaces of 
character- automorphic functions, J. Geom. Anal. 7 (1997), 387-435. 

[29] H. Stahl and V. Totik, General Orthogonal Polynomials, in "Encyclopedia of 
Mathematics and its Applications," 43, Cambridge University Press, Cam- 
bridge, 1992. 

[30] G. Szego, Beitrdge zur Theorie der Toeplitzschen Formen, Math. Z. 6 (1920), 
167 202; IL Math. Z. 9 (1921), 167-190. 

[31] G. Szcgo, Uber den asymptotischen Ausdruck von Polynom,en, die durch eine 
Orthogonalitdtseigenschaft definiert sind, Math. Ann. 86 (1922), 114 139. 

[32] G. Szcgo, Orthogonal Polynomials, AMS Colloquium Publications. 23, Amer- 
ican Mathematical Society, Providence, R.I., 1939; 3rd edition, 1967. 

[33] H. Widom, Extremal polynomials associated with a system of curves in the 
complex plane. Adv. in Math. 3 (1969), 127-232. 



